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Abstract 

The construction of the Z-counting polynomial for edge-weighted graphs is discussed. 

The Z-counting polynomial Q(G ;x) of a graph G was introduced two decades 
ago by Hosoya [1]. It is defined as 

IN/2] 
Q(G;x)= ~ p(G;k)x k, (1) 

k=0 

where the coefficient p(G; k) represents the number of ways in which k non-adjacent 
edges can be chosen from G. Note that p (G;0 )=  1 by definition, p ( G ; 1 ) = t h e  
number of edges in G and p(G;N/2) = the number of 1-factors in G. 

The Z-counting polynomial has a number of interesting properties [2-4]. For 
example, the Z-counting polynomial is closely related to the acyclic (reference, 
matching) polynomial PaC(G;x) of G 

IN/2] 
Pac(G;x) = ~_~ (-1)kp(G;k)x N-2k, (2) 

k=0, 

which is the fundamental quantity in the topological resonance energy concept [2, 5]. 
The acyclic polynomial has also found other uses [4, 6-9].  The relationship between 
the Z-counting polynomial and the acyclic polynomial is given by 

Q(G; x) = (-1)~xNpaC(G; x = x -1 ). (3) 

* Dedicated to Professor Haruo Hosoya (Tokyo) on the occasion of his 55th birthday for enriching 
chemical graph theory with the elegant concept of the Z-counting polynomial. 
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The major use of the Z-counting polynomial is for computing the Z-index 
Z(G) of G[1] (hence the name): 

[N/2] 

Z(G)= ~ p ( G ; k ) = Q ( G ; x =  l). (4) 
k=0 

In fig. 1, we give as an example the "pedestrian" construction of the Z- 
counting polynomial for a graph G representing the carbon skeleton of vinyl- 
cyclobutadiene. 

p(G;O)=l 

p(G;1)=6 

G 

!1 

FT" 

! 

A 

p(G;3)=2 

Q(G;x)  = 1 + 6x + 8x2 + 2x3 

Fig. 1. The construction of the Z-counting polynomial  for a 
graph G depicting the carbon skeleton of vinylcyclobutadiene.  

The corresponding acyclic polynomial is also immediately known: 

PaC(G;x) = x 6 - 6x 4 + 9x z - 2. (5) 

The contributions to each p(G;k) may be regarded as acyclic Sachs graphs 
[2,5, 10] which are made up of only K2 components [11]. 
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The construction of the Z-counting polynomial via acyclic Sachs graphs is 
of great conceptual value, but computationally rather involved. For large graphs, the 
Z-counting polynomial cannot be constructed even by means of the computer. A 
much easier and faster way to compute the Z-counting polynomial is by the following 
recurrence relation: 

Q ( G ,  x )  = Q ( G  - e; x )  + x Q ( G  - (e); x), (6) 

which is the same type of expression as the one which is used for computing the 
acyclic polynomial. G -  e and G - ( e )  in (6) represent subgraphs of G which are 
obtained by removing, respectively, an edge, and an edge and its incident vertices 
from G. The idea behind (6) is to reduce the graph G to smaller fragments for which 
the Z-counting polynomials are known [1,3]. In fig. 2, we give the construction of 
the Z-counting polynomial for the same graph G as in fig. 1, using the recurrence 
relation (6). 

I ] 
G 

G-e 

G-(e) 

Q(G;x)  = Q(G-e;x)  + xQ(G-(e);x)  

Q(G-e;x)  = 1 + 5x + 6x2 + x3 

xQ(G-(e);x)  = x ( l+x) ( l+x)  = x + 2x2 + x3 

Q(G;x)  = 1 + 6x + 8x2 + 2x3 

Fig. 2. The construction of  the Z-counting polynomial for a 
graph G, already given in fig. 1, using the recurrence relation (6). 

In this note, we report the extension of the Z-counting polynomial to edge- 
weighted graphs. The edge-weighted graphs are of interest in various fields of 
science such as communication net theory [12] and chemical graph theory [2, 13]. 
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These graphs will be denoted by G* and the edge-weights by w. In fig. 3 is given 
an examples of the edge-weighted graph. 

6 ~ 
Fig. 3. An edge-weighted graph G °. 

The construction of the Z-counting polynomial for edge-weighted graphs is 
based on a similar procedure that we developed for computing the acyclic polynomials 
of weighted graphs [2,5, 10, 13]. In this case, we had to introduce the concept of 
the weighted Sachs graph. For example, if we wish to compute the Z-counting 
polynomial for a weighted graph G*, given in fig. 3, the following sets of Sachs 
graphs arise: 

(i) 

W U--w r - 
@ @ @ 

© @ @ 

® @ 

Subgraphs labeled by 4 - 8  are ordinary unweighted acyclic Sachs graphs, 
while 1 -3  are weighted acyclic Sachs graphs. Their contribution to the coefficient 
p(G*;2) is 5 + 3w. 

(9 ® 
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Subgraph labeled I is the weighted Sachs graph and subgraph 2 is the unweighted 
Sachs graph. Their contribution to the coefficient p ( G ;  3) is 1 + w. The Z-counting 
polynomial of  G* is then given by 

Q ( G * ; x )  = l + (5 + w ) x  + (5 + 3 w ) x  2 + ( l + w ) x  3. (7) 

For w = 1, this polynomial reduces to the Z-counting polynomial of  G depicting 
vinylcyclobutadiene (see fig. 1). If the weight w = 0.75 is chosen for the weighted 
edge in G*, the the Z-counting polynomial from the above is given as 

Q(G*;x)  = 1 + 5.75x + 7.25x 2 + 1.75x 3. (8) 

The Z-counting polynomial Q(G*;x)  for an edge-weighted graph G* can also be 
computed using recurrence relation (6), but in a modified form: 

Q ( G  *; x )  = Q ( G  * - ew; x )  + w x ( G  * - (ew); x), (9) 

where G* - ew and G* - (ew) are subgraphs obtained by removing from G* the weighted 
edge ew, and the weighted edge ew and its incident edges, respectively. An example 
of  using recurrence formula (9) is given in fig. 4. If there are more weighted edges 

W 

t 

I 

_ _ ~  G*-ew 

G* 

G*- (ew) 

Q(G*;x) = Q(G* .ew;x ) + wx Q(G* - (ew);X) 

Q ( G * - e w ; x  ) = 1 + 5 x +  5 x 2 +  x3 

wxQ(G* . (ew);X) = wx(1 + 3x + x2) 

= w x  + 3wx2  + w x 3  

Q(G*;x) = 1 + (5 + w)x + (5 + 3w)x2 + (1 + w)x3 

Fig. 4. The construction of the Z-counting polynomial for an 
edge-weighted graph G ° using the recurrence relation (9). 
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W I 

w 2 

G* 

w 2 

G ~- ewl 

/ 

/ 
-\ 

Gt (%,) 

Q(G*;x)  = Q(G* - ewl  ) + WlX Q(G* - (ewl))  

= Q(G* - ew2) + w2xQ(G* - (ew2)) 

+ W l X Q ( G * -  (ewl) )  

Q ( G *  - ew2;X ) = I + 4x + 2x 2 

I 
I I 

L . . . . . .  

(3"- ew2 

I 

I 
L . . . . . .  

G ~- (ew2) 

w 2 x Q ( G *  " (ew2);x) = w2x(1 + 3x + x 2) 

= w2x + 3w2x2 + w2x3 

w l Q ( G *  - (ewl) ;x)  = WlX(1 + 3x + x 2) 

= WlX + 3WlX2 + WlX3 

Q ( G * ; x )  = 1 + (4 + w I + w 2 ) x  + (2 + 3w 1 

+ 3w2)x2 + (w I + w2)x3 

Fig. 5. A graph G* with two weighted edges and 
the construction of its Z-counting polynomial.  

in G*, then the recursion (9) must be used in several steps, the number of steps being 
determined by the number of weighted edges. An example of a two-edge weighted 
graph G* and the computation of its Z-counting polynomial is given in fig. 5. 
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For wl = w2, the Z-counting polynomial given in fig. 5 reduces to 

a ~  ~ ° Q( ;x) 1 + (4 + 2 w ) x  + (2 + 6w)x 2 + 2wx 3 (10) 

The same polynomial for w2 = 1 converts into the Z-counting polynomial in fig. 4. 
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